The nonclassical feature of photons in the open finite-size Dicke model is investigated via the two-photon correlation function. The quantum dressed master equation combined with the extended coherent photonic states is applied to analyze the dissipative dynamics of both the photons and qubits. The anti-bunching to bunching transition of photons is clearly observed by tuning the qubit-photon coupling strength. The optimal qubits number is unraveled to enhance the two-photon correlation function. Moreover, the temperature bias of thermal baths induces significant two-photon bunching signature with deep strong qubit-photon interaction.
I. INTRODUCTION
The light-matter interaction plays a fundamental role in understanding the optical coherence of quantum theory, which was originally characterized by R. Glauber [1] . It has been extensively investigated in quantum optics [2, 3] , quantum information processing [4] , quantum dissipation [5] and quantum materials [6] . The coupling between the radiation field and quantum matter induces the attractive nonclassical feature, exhibiting the effective photon-photon correlation [7] [8] [9] [10] . Based on the theory of quantum photon detection, the statistics of photon nonclassicality can be measured via the intensity correlation function [8, 11] .
One prototype system to describe the quantum light-matter interaction is the quantum Rabi model, which is composed by a two-level qubit interacting with a single mode radiation field [12] [13] [14] . It has been theoretically studied ranging from the quantum optics [15] , quantum entanglement [16] to quantum phase transition [17] [18] [19] . In particular, the integrability of the Rabi model was recently explored by D. Braak [20] and Q. H. Chen [21] with the Bargmann space and extended coherent state approaches, respectively. The quantum Rabi model was experimentally realized in the cavity-QED platform, with the interaction between photon and qubit reaching the ultrastrong coupling regime (i.e. λ/ω≥0.1, λ is the coupling strength and ω the bare frequency of photons). Accordingly, the traditional rotating-wave-approximation becomes inapplicable. Another seminal system is the quantum Dicke model, which constitutes of the multi-qubits coupled to a single cavity mode [22, 23] . Besides the transition from the normal phase to the superradiant phase, which shows the universal scaling behaviors [24, 25] , other nonclassical states of light have been investigated via strongly coupled cavity systems [7, [26] [27] [28] [29] [30] [31] .
The representative phenomenon to exhibit the nonclassical character of the radiation field is the photon-blockade effect, in which the existence of one photon in the cavity strongly suppresses the simultaneous excitation of another photon [7] . It is characterized by the dramatic photon antibunching sig-nal. Such blockade effect has been extensively investigated in various devices, e.g., optomechanical systems [26, 27] , cavity-QED [28, 29, 31] and superconducting circuits [32] .
Particularly for the open quantum Rabi model, it is interesting to find that via the two-photon correlation function the standard photon-blockade breaks down in strong qubit-photon coupling regime [9, 10] . A giant photon-photon bunching feature is clearly demonstrated [29] . However, as the multiqubits analogy, the photon correlations of the Dicke model is preliminarily studied in the quantum phase transition with Kerr nonlinearity [33] . Due to the finite system size and the availability of the strong coupling regime of the simulated experiments [34, 35] , the interplay between the finite number of qubits and strong qubit-photon interaction is intriguing to explore.
In this paper, we study the nonclassical radiation in the dissipative finite-size Dicke model via the two-photon statistics. The influence of the finite qubits number on the two-photon correlation is investigated, and the transition from the photon anti-bunching to bunching is clearly exhibited. Moreover, the optimal enhancement effect is discovered. The effect of the temperature bias on the two-photon correlation is also analyzed. It is found that the large temperature bias significantly enhance the photon correlation in strong qubit-photon coupling regime. The paper is organized as follows: in section II A, we describe the Dicke model; in section II B and C we apply the quantum master equation combined with the extended coherent photon state to obtain the dynamics equation of the qubit-photon hybrid system; and in section II D we introduce the two-photon correlation function. In section III, we study the effects of finite qubits number and finite bath temperatures on the two-photon correlation. Finally, we give a conclusion in section IV.
II. MODEL AND METHOD

A. Dicke model
The Dicke model, composed by N identical two-level qubits interacting with a single bosonic field, is described as ( = 1) [22, 23] 
† andâ are the field creating and annihilating operators, ∆ and ω are the frequencies of the qubits and single bosonic mode, and λ is the qubit-boson coupling strength. In the large N limit, the Dicke model undergoes a quantum phase transition [24, 25] , where the system transits from the normal phase to the superradiant phase, with the critical qubit-boson coupling strength λ c = √ ω∆/2. While for N = 1, the Dicke model is reduced to the seminal quantum Rabi model [12, 13] 
B. Extended coherent bosonic state approach
The extended coherent bosonic state approach is considered as an efficient method to numerically solve the Dicke model with finite number of qubits [25] . Before including the extended coherent bosonic state method, we first rotate the angular momentum operators with π/2 along the y-axiŝ
Under the qubits basis {|j, m , m = −j, −j + 1, ..., j − 1, j} with j = N/2, The Hilbert space of the total system can be expressed in terms of the direct product basis {|ϕ m b ⊗ |j, m }. In the Dicke model, the excitation number N tot = â †â + Ĵ z + N/2 is not conserved. Therefore, the truncation of the bosonic excitation number procedure has to be applied in this system, especially in the strong qubit-boson coupling regime. Specifically, by considering the displacement transformation A m =â + g m with g m = 2λm/ω √ N and taking the total system basis into the Schrodinger equation, we obtain
. Then, we left multiply { n, j|} to Eq. (3), which results in
where n = −j, −j + 1, ..., j. Furthermore, the bosonic state can be expanded as
where N tr is the truncation number of bosonic excitations. Finally, we obtain the eigen-equation
where the coefficients are An l|k An−1 = (−1) l D l,k and
Once we efficiently solve the eigensolutionĤ 0 |φ k 0 = E k |φ k 0 , the original solution can be straightforwardly obtained asĤ
with |φ k = exp(−iπĴ y /2)|φ k 0 . For the previous work in analysis of the ground state phase transition with extended coherent bosonic states, it is surprisingly found that N tr = 6 is accurate enough to obtain the ground state energy with large qubits number N = 32 [25] . In the following work, we select the truncation number N tr = 50 up to the N = 160.
C. Quantum dressed master equation
For practical light-matter coupled systems, it is inevitable to interact with the dissipative environment, which leads to the Hamiltonian system we studied,
Here,Ĥ 0 is given by Eq. (2) and the thermal baths are expressed as,Ĥ
creates (annihilates) one phonon in the uth bath with the frequency ω k . And the interactions between the Dicke system with thermal baths are specified aŝ
with λ q,k (λ c,k ) the coupling strength between the qubits (photon) and the corresponding bath. The uth thermal bath is characterized by the spectral function
In this paper, we specify γ u (ω) the Ohmic case γ u (ω) = παω exp(−|ω|/ω c ) [5] , where α is the coupling strength and ω c is the cutoff frequency of thermal baths.
By assuming the weak interaction between the Dicke system and thermal baths, under the Born-Markov approximation, we obtain the quantum dressed master equation to investigate the dissipative dynamics of the Dicke system as [29, 36] 
where |φ k is the eigenfunction of the Dicke modelĤ D aŝ
In the eigen-basis, the population dynamics is given by
where Γ nk u = −Γ kn u . As T q = T c = T , the Dicke system at steady state is in thermal equilibrium, such that the equilibrium density matrix operator is [10] 
with the partition function Z = k e −E k /(kB T ) . And the steady state population is specified as
It should be noted that the traditional treatment of the lightmatter interacting systems is to apply the Lindblad master equation, which is proper by considering the weak lightmatter interaction. However, as the light-matter coupling strength becomes strong, the Lindblad equation breaks down. The dissipative dynamics of the quantum system is suggested to investigate in the dressed picture [36] , which makes the transitions between the eigenstates of H 0 at Eq. (1).
D. Zero-time delay second-order correlation function
In quantum optics, the traditional definition of steady state two-photon correlation function, which was initially proposed by the R. J. Glauber, is expressed as [1]
where · · · means the expectation value at steady state. G (2) (0) describes the probability of detecting two photons simultaneously, which is normalized by the probability of detecting two photons at once within a random photon source. It is known that the bunching and antibunching are two significantly distinguishable features of photon statistics. Specifically, the bunching(also termed as super-Poisson statistics) dictates that photons populate themselves together, whereas the antibunching(also termed as sub-Poisson statistics) is the opposite behavior, in which photons distribute separately. Hence, the antibunching indicates the anticorrelation effect as the second photon is measured. Quantitatively, the secondorder correlation function with the bunching is characterized as [11] 
In contrast, the photon antibunching is defined as
Moreover, for the thermal state, the correlation function is G (2) (0) = 2 [11, 37] . Such definition of the two-photon correlation function may be properly applied to investigate photon statistics in Lindblad form open quantum systems with weak light-matter interaction.
However, as the light-matter interaction becomes strong, the two-photon correlation function should be measurement in the eigenbasis. The normalized and generalized two-photon correlation function of the finite size Dicke model is given by [8, 9] 
where N is the qubits number, Ô = Tr{Ôρ s (t→∞)},
jk describes the transition from the higher eigenstate |φ k to the lower one |φ j . It should be noted that X + |φ 0 = 0 for the ground state ofĤ s =Ĥ 0 +Ĥ B , in contrast toâ|φ 0 =0. Moreover, in the weak qubit-photon interaction limit (i.e. λ≈0), the operatorX + is simplified toX + = −iωâ. Hence, two-photon correlation function in Eq. (18) returns back to the counterpart in Eq. (15) . The expression of correlation function in Eq. (18) has been extensively analyzed in the dissipative quantum Rabi model and optomechanical systems [8] [9] [10] . In the following, we apply G 
III. RESULTS AND DISCUSSIONS
A. Effect of qubit-photon coupling strength
We first investigate the effect of qubit-photon interaction on the zero-time delay two-photon correlation function G N (0) with N = 8 in the low temperature regime(e.g., T c = T q = T = 0.05ω) in Fig. 1 (a) . In the qubit-photon coupling regime λ∈(0, 0.3), the finite eigenenergy difference(see Fig. 2 ) results in P 1 ≫P 2 ≫P 3 ≫P 4 . The transition between eigenstates |φ 2 and |φ 1 assisted by thermal baths is prohibited (X 21 = 0) due to the same odd parity e iπ(â †â +Ĵz+N/2) = −1, which is schematically shown in Fig. 2 . Moreover, From Fig. 1 (b) it is known X 32 ≪X 31 . Hence, the two-photon correlation function is simplified by the dominant terms as
It is found that by enhancing the interaction strength λ, the two-photon correlation function shows subthermal behavior (i.e. G
8 (0) < 2), which is the signature of the nonclassical feature.
In the regime λ∈(0.3, 0.6), due to the avoid-crossing of the energy levels E 2 and E 3 by changing the parity(see solid yellow line with up-triangle and solid purple line with down-triangle in Fig. 2) , the correlation function is generally changed into ) (see Ref. [38] ). The other system parameters are given by ∆ = 1, ω = 1, α = 0.001, ωc = 10, and Tc = Tq = 0.05. Fig. 1 (c) , the fast increase of the output power X −X + /n c dominates the photon distribution, resulting in the two-photon blockade. It clearly demonstrates the antibunching feature (i.e. G (2) 8 (0) < 1). By further increasing λ to the regime λ∈(0.6, 0.85), the second and third energy levels become nearly degen-erate, which both contribute to the correlation function
From the
Moreover, the transition efficient X 20 = 0 due to the same parity of |φ 2 and |φ 0 . Hence, the twophoton correlation function is approximately expressed as
which can also be verified by the coefficients magnitudes in Fig. 1 (c) and (d) . An antibunching to bunching transition is observed, and the pronounced two-photon signature is exhibited (i.e. G
8 (0)≫2). The fast decay of X −X + /n c mainly contributes to the enhancement of the G While in the deep strong coupling regime λ > 0.85, the two-photon correlation function G N (0) is dramatically reduced to 2 due to formation of the thermal state of the Dicke system(see the appendix for the detail)
with the eigenstate ofĴ x asĴ x |m x = m|m x , the displaced bosonic operatorÂ m = a+2λm/ √ N , and the partition func-
. Hence, the photons are inclined to be classically distributed, which is similar to the counterpart in the Rabi model [29] .
B. Effect of finite qubits number
Next, we analyze the influence of the finite qubits number on the two-photon correlation function in Fig. 3 (a) . By increasing the qubits number, it is interesting to find that the minimum of the G N (0) of the finite size Dicke model is firstly enhanced and then suppressed. Such optimization can be clearly observed in Fig. 3 (b) . Hence, we conclude that the two-photon correlation can be optimized with finite qubits number.
Moreover, we analyze the scaling behavior of the coupling strength at the extreme value of the G N (0) with the qubits number N in Fig. 3 (c) . It is found that they behave as
where λ c = √ ω∆ 2 coth( ∆ 4kB T ) is the critical coupling strength at finite temperature. This demonstrates that the G 
C. Effect of finite temperatures of thermal baths
We investigate the influence of the bath temperatures on the two-photon correlation function in Fig. 4 (a) with finite qubits number (e.g., N = 8). In the ultrastrong coupling regime (e.g., λ = 0.1), by increasing the temperature the two-photon correlation function is enhanced from the antibunching to bunching feature, and approaches thermal distribution (G (2) 8 (0) = 2) in comparatively high temperature regime (e.g., T = 0.35). In the qubit-photon coupling regime (e.g., λ = 0.7), by increasing the temperature a giant two-photon bunching signature is clearly observed. While in the deep strong coupling regime (e.g., λ = 1.0), the photons are nearly thermally distributed, with G (2) 8 (0) slightly above 2 in the wide temperature zone. Hence, we conclude that the optimal coupling strength may enhance the two-photon correlation function.
Then, we give a comprehensive picture of G
8 (0) by both tuning temperature and coupling strength in Fig. 4 (b) . It is found that in low temperature regime, the significant signals of the photon blockade and two-photon enhancement are exhibited. While as the temperature increases, the fluctuation of two-photon correlation function are suppressed monotonically, finally resulting in the thermal state of photons (G (2) 8 (0)≈2). Next, we investigate the effect of the temperature bias (T c =T q ) on the two-photon correlation function in Fig. 5 . With ultrastrong qubit-photon interaction (e.g., λ = 0.1), the super-thermal behavior of photons (i.e., G (2) 8 (0) > 2) is exhibited with high T q and low T c with large temperature bias. For the coupling case (e.g., λ = 0.7), the giant photon bunching is exhibited with both low T q and T c . However, if we further increase the coupling strength (e.g., λ = 1.0), high T c and low T q jointly contribute to the significantly large two-photon bunching. Hence, we conclude that the two-photon correlation can be dramatically enhanced with strong qubit-photon interaction and large temperature bias.
IV. CONCLUSION
To summarize, we study the zero-time delay two-photon correlation function in the dissipative Dicke model, where the qubits and the photons are individually coupled to thermal baths, respectively. The quantum dressed master equation is applied to analyze the steady state behavior of the Dicke system with strong qubit-photon interaction. We investigate the influence of the qubit-photon coupling strength in the twophoton correlation function. An anti-bunching to bunching transition and giant two-photon correlation are clearly exhibited in the ultrastrong coupling regime. We also analyze the effect of the finite qubits number on the two-photon correlation function. It is found that the maximal two-photon bunching feature is observed with the optimal qubits number. Moreover, the coupling strengthes at the extreme values of twophoton correlation function scale as [λ max(min) − λ c ]∝1/N with λ c the superradiant phase transition of the Dicke model at finite temperature. Then, we analyze the effect of the finite temperature on the two-photon correlation. The low bath temperature is crucial to exhibit the two-photon blockade and bunching behaviors. We also study the two-photon correlation function with temperature difference of thermal baths. It is found that strong qubit-photon interaction and large temperature bias jointly contribute to the giant two-photon bunching.
Finally, we should note that the finite-time delay two-photo correlation function is also a powerful tool to analyze the photon distribution, e.g., photon blockade in optomechanics [8] .
We may apply the finite-time delay correlation function in further to analyze the photon behavior of the dissipative Dicke model. In the strong qubit-photon coupling limit, the qubit tunneling is strongly dressed, and the Hamiltonian at Eq. (1) 
Hence, the steady state thermal state is given bŷ
where the temperature
, and Z is the partition function to normalizeρ s . Moreover, the photon detection operator is specified asX
Therefore, it is easy to calculate the correlation functions at thermal state as
Finally, we obtain the two-photon correlation function as G
N (0) = 2.
